We investigate the unidirectional transmission behavior of coupled photonic crystal defects with nonlinearity by using the coupled mode theory, focusing on how to enhance the transmission contrast. Although the unidirectional transmission originates from the asymmetric configuration and nonlinear property of the structure, it is revealed that the maximum transmission contrast depends mainly on two linear factors. For two coupled defects, they are the highest order of the frequency detuning appearing in the transmission formula and the frequency splitting due to the coupling. Our analyses are supported by the numerical simulations based on the finite-difference time-domain technique. An enhancement of the maximum transmission contrast by an order of magnitude is achieved in the structure consisting of two coupled defects. Appl. Phys.76, 2023Phys.76, -2026Phys.76, (1994. 9. K. Gallo and G. Assanto, "All-optical diode in a periodically poled lithium niobate waveguide," Appl. Phys.
Introduction
Over the past few years, the optical bistability in nonlinear photonic crystal (PC) defects has attracted considerable attention because many key components for all-optical signal processing such as switches, transistors, logical gates, and memories can be developed based on it [1] [2] [3] [4] [5] [6] . Due to the complexity of the nonlinear processes, simple and efficient analytical tools are highly desirable for understanding the physical mechanisms that govern these nonlinear phenomena. Soljacic et al. firstly described the bistability of a PC defect with Kerr nonlinearity based on the perturbation approximation and the coupled mode theory (CMT) [2, 7] . The method they employed makes the bistable phenomenon of nonlinear PC defects easy to understand because only three parameters with clear physical meanings are involved.
It is expected that a PC structure with asymmetric configuration and nonlinearity will act as an optical diode that transmits light of given frequency and power unidirectionally. In the last decade, Scalora et al. suggested the first PC-based optical diode in which the distribution of the linear refractive index is asymmetric. Consequently, the shift of the band edge depends strongly on the incident direction [8] . Several years ago, Gallo et al. demonstrated an alloptical diode in a LiNiO 3 grating. There, a phase shift is introduced at an asymmetric position, making the transition between the second harmonic and basic waves waveguiding-directiondependent [9] . In addition, Mingaleev et al. constructed an optical diode in a line-defect waveguide where four nonlinear PC defects are arranged in an asymmetric fashion [3] . Pereira et al. showed numerically that a structure composed of two channel waveguides side-coupled by a string of circular microresonators can serve as an all-optical diode, if only the coupling between the left-most microresonator and the waveguide is changed a little intentionally [10] . Very recently, Feise et al. investigated the bistable diode action in an asymmetric multi-layer structure where left-handed materials are employed [11] . Meanwhile, an electro-tunable optical diode based on the liquid-crystal heterojunctions was realized in laboratory [12] . These theoretical and experimental investigations provide very important information for the design and improvement of PC-based optical diodes. Unfortunately, the transmission contrast, which is a key index of optical diodes, is not large enough for practical applications in general. Thus, how to enhance the transmission contrast of PC-based optical diodes becomes very urgent.
In our previous study, we have investigated the unidirectional transmission of an asymmetrically confined PC defect and indicated the existence of an upper limit for the transmission contrast of the resulting optical diode based on the CMT and numerical simulations [13] . In this paper, we report on the significant enhancement of the transmission contrast of PC-based optical diodes by properly coupling PC defects. The paper is organized as follows. In Section 2, the unidirectional transmission of a nonlinear PC defect that is asymmetrically confined is discussed by using the CMT. Then, we focus on the issue of how to enhance the transmission contrast in Section 3. In Section 4 and 5, we simulate respectively the linear and unidirectional transmission behaviors of the single PC defect and coupled PC defects based on the finite-difference time-domain (FDTD) method and compare the results with the analytical one obtained by the CMT. Finally, a brief summary is given in the conclusion.
Description of unidirectional transmission based on the CMT
First of all, we describe the unidirectional transmission of a nonlinear PC defect in the framework of the CMT. A simple example is shown in Fig. 1(a) where a finite PC structure is formed by periodically drilling seven identical air holes in a slab waveguide with Kerr nonlinearity. The PC defect is introduced by increasing the distance between the third and the fourth air holes from a (the lattice constant) to 1.35a. Obviously, the defect is confined asymmetrically. If we denote the decay rates of the mode amplitude into the left and right waveguides as 
where s in and s out are the field amplitudes of the input and output waves, ω 0 is the resonant frequency of the defect mode, and p 0 is the characteristic power that reflects the nonlinear Kerr effect and the spatial confinement of the field in the defect region [2] . Here, the nonlinear shift of the defect mode (-γ|s out | 2 /p 0 ) [2] has been taken into account. Based on Eq. (1), the relationship between s out and s in can be derived as 
where p in and p out are the input and output powers,
) is the linear resonant transmission of the PC defect, δ = (ω 0 -ω)/γ is the frequency detuning of the input wave with respect to the defect mode. Due to the asymmetrical confinement (γ 1 ≠ γ 2 ), the linear resonant transmission η is less than unity even in the lossless case. When the input wave is launched from the right side, we can easily show that the expression for the transmission is the same as Eq. (3). However, the difference in the coupling of the input wave into the defect between the two launch directions (i.e.
2 ) leads to different nonlinear responses of the defect to the same external excitation. Thus, it is equivalent to think that for an asymmetrically confined PC defect the characteristic power p 0 is launch-direction-related. To show this more clearly, we can simplify the expression of p 0 given in Ref. [2] by omitting the parameters which are the same for the rightward and leftward launch directions, such as the resonant frequency, the Q factor of the defect mode, and the nonlinear refractive index. Also, it is noted that the contribution to the integrals involved in the formula mainly comes from the defect region. Using the coordinate shown in Fig. 1(a) , we have
where
is the electric (or magnetic) field intensity for a defect mode with transverse electric (or magnetic) polarization whose electric (or magnetic) field is along y-axis. From Eq. (4), we can find that p 0 is very similar to the effective core area of an optical fiber that is determined by the modal distribution. Thus, if
is strongly concentrated in the defect region, then a low p 0 is expected. For an input wave with the same power density, the maximum values of
can be much different for the two launch directions. Since the input wave is easier to be coupled into the defect for the rightward launch direction, the peak value of
is found to be large, giving rise to a small p 0 . Therefore, if we use p 01 and p 02 to represent the characteristics powers for the rightward and leftward input waves, then we have p 01 < p 02 for the asymmetrically confined PC defect shown in Fig. 1 (a). It is immediately realized that for the same input power p in , the transmissions for the rightward and leftward input waves are different since Eq. (3) can be converted to
where p 0 takes p 01 and p 02 for the rightward and leftward input waves respectively. This is where the unidirectional transmission of an asymmetrically confined PC defect with nonlinearity comes from. More concretely, if we choose (p 02 /p 01 ) = 3 and η = 0.6 for the asymmetrically confined defect, we can obtain the evolutions of the transmission spectra for the rightward and leftward launches with increasing the input power by using Eq. (5). The results are shown in Fig. 2 where the red and black curves represent the rightward and leftward launches, respectively. We present the transmission spectra for the two launch directions when the input power p in is chosen to be 0.5 p 01 , 2.0 p 01 , 4.0 p 01 , and 6.0p 01 . Due to the nonlinear positive feedback effect, all of the spectra slant to the large-δ side (or to the lowfrequency side). For each input power, the degree of slanting exhibits dependence on the launch direction. Since the input power is easier to be coupled into the defect from the left side, i.e. p 01 < p 02 , the spectrum slants more seriously and bistability of transmission appears firstly for the rightward launch, reflected in loop a→b→c→d→a that is shown in Fig. 2(c) . Apparently, the section a→b→c can be employed to realize unidirectional transmission. In numerical simulations, this section can be observed by launching continuous waves (CWs) with different frequency detunings. On the other hand, we can obtain the section c→d→a by employing an input wave with a small positive frequency chirping, though it is useless for unidirectional transmission. The dotted branch in the middle of the loop is unstable and in general does not represent a real physical process. In this paper, what interests us mostly is the unidirectional transmission of the single and coupled PC defects. Considering the transmission spectra shown in Fig. 2(c) , the transmission behavior of the PC defect can be divided into two types. When δ < δ 0 ~1.2, the transmission for the rightward input wave T R is a little bit lower than that for the leftward one T L . However, T R becomes much larger than T L for δ > δ 0 and before the down transition b→c occurs. Apparently, the input wave with frequencies in this region exhibits an unidirectional behavior. This region enlarges with increasing the input power. In general, the unidirectional transmission behavior can be described by the transmission contrast which is defined as C = (T R /T L ). More conveniently, we can use the maximum transmission contrast C max = (T R /T L ) max to characterize the efficiency of the resulting optical diodes. From Fig. 2 , it seems that large C max can be achieved by employing an input wave with a large δ and a high p in . As can be seen in Eq. (3), a high transmission can be obtained when . Thus, it seems that the upper limit for C max is (1+δ 2 ) when δ is decided. In order to get a large C max , we need to use an input wave with a large δ , i.e., its frequency must be far from the resonant frequency of the defect mode. Such kind of input wave cannot be coupled into the defect unless its power is sufficiently high. Unfortunately, the dynamical shift of the defect mode we indicated recently suggests that the maximum transmission drops with increasing δ because it is actually the time-averaged value within an oscillation period of the defect mode [14] . Although Eq. (3) is simple and useful for describing the basic aspects of the nonlinear behavior of PC defects, we should keep in mind that the maximum transmission can be much smaller than η if a large δ and a high input power are employed. If the maximum transmission is very small, the unidirectional transmission will become meaningless. Therefore, increasing δ is not a correct way to enhance C max and the unidirectional transmission is very limited when a single asymmetrically confined PC defect is employed. This point will be further verified later by numerical simulations.
Enhancement of transmission contrast through defect coupling
It is unfortunate that there exists a limitation when single PC defects are used to construct optical diodes. Nevertheless, the above analysis gives us a useful hint. If we can increase the order of δ in the transmission formula η /(1+δ 2 ), for instance, from 2 to 4, the lower limit of T L will be further reduced to η /(1+δ 4 ), leading to an increase in C max . Of course, this can never happen for a single PC defect with a Lorentzian lineshape. However, it might be realized through defect coupling (or cascading) which has been utilized to achieve a lineshape with flat top and sharp sidewalls [15] [16] [17] . Therefore, it is worthy to investigate the structures consisting of two or more coupled PC defects.
In Fig. 1(b) , we present a structure consisting of two PC defects that are coupled by an interconnecting waveguide whose length is d-a. If a large d is employed, the evanescent wave emerging from the left (or right) defect will eventually evolves into a guiding wave propagating in the slab waveguide within the frequency range of interest. In this case, the interconnecting waveguide only serves as a phase modulator for the guiding wave and no localization of wave occurs in it. Based on this structure, we can easily optimize the unidirectional transmission behavior by changing the value of d while remaining the decay rates of the constitutional defects. In Fig. 1(b) , the right defect is exactly the same as the one shown in Fig. 1(a) while the left one is symmetrically confined with three air holes on both sides. Thus, the leftward and rightward decay rates of the mode amplitude for the left defect are equal to γ 1 . Applying the CMT to the coupled defects [18] [19] [20] , the linear transmission for the structure, as well as the involved parameters P 1~ P 4 , can be expressed as Here, the meanings of propagates between the two defects. The value of ϕ depends on the PC defects and the length of the interconnecting waveguide. It is confirmed that the lineshape of the structure with coupled defects will degenerate to a Lorentizian type η /(1+δ 2 ) if ϕ happens to be kπ [19] . It can be seen from Eq. (6) that the highest order of δ in the transmission formula is indeed increased to 4, though the transmission does not take exactly the form of η /(1+δ 4 ). What is more, it is found that the appearance of P 3 helps to reduce the transmission further if the condition of tanϕ > 0 is satisfied. Physically, P 3 arises from the linear coupling effect and it is often referred as the resonant frequency splitting. Thus, it is expected theoretically that T L of the coupled PC defects is much lower than that of the single PC defect.
Numerical simulation of linear transmission
In order to verify the analyses presented above, we first carry out linear FDTD simulations on the single asymmetrically and symmetrically confined PC defects. The lattice constant used in the simulations is a = 0.45μm. The width of the slab waveguide and the radius of air holes are chosen to be a and 0.3a, respectively. Since it has been confirmed that the simulation of a pure two-dimensional (2D) structure is a good approximation for the practical 2D PC slabs [21] , we choose to simulate the TM defect mode of the 2D PC structure whose magnetic field is parallel to the air rods. The linear effective refractive index and the nonlinear coefficient of the slab waveguide are assumed to be 2.90 and 1.5×10 -5 μ m 2 /W, respectively. The grid sizes in x-and z-directions and the boundary width of the perfectly matched layer for the simulations are set to be a/16 and a, respectively. (2πc/a), and γ = 8.49×10 -4 (2πc/a). The lineshape for the defect mode obtained by the numerical simulation is shown in Fig. 3(a) where the theoretical lineshape η /( 1+δ 2 ) is also plotted by the red solid curve for comparison. For the symmetrically confined PC defect shown in the left side of Fig. 1(b) , the resonant frequency is the same as Similarly, we have measured numerically the linear transmission spectrum of the coupled structure in which d = 6.6a. Unlike the single defect, the spectrum possesses two peaks and sharp sidewalls, as shown in Fig. 3(b) . Because of the narrow frequency region involved, the phase shift ϕ can be considered approximately as a constant. By setting ϕ as 0.31π, the theoretical spectrum based on Eq. (6) is in good agreement with the simulated one, as shown in Fig. 3(b) . Here, the parameters P 1~P4 appearing in Eq. (6) are calculated to be 2.10, -1.93, 0.52 and 1.96 by using Eq. (7) . If the weak dependence of ϕ on ω is taken into account, the discrepancy between the theoretical spectrum and the simulated one can be eliminated.
Furthermore, it is observed that the same spectrum appears when the value of d is increased to 7.4a, 8.1a or decreased to 5.9a, 5.2a. It verifies the theoretical result that the transmission spectrum of the coupled structure is a periodic function of ϕ, as reflected in Eqs. (6) and (7).
In addition, it is found that the spectral shape shown in Fig. 3(b) remains nearly unchanged when the decay rates become smaller. For example, if we add one air hole on each side of the two defects, then we have four air holes on both sides of the left defect, and four and five air holes on the two sides of the right defect. In this case, we find that If the value of d is slightly reduced from 6.60a to 6.55a, then the similar spectral shape can be maintained though the linewidth is reduced to be one third of its original value. Unfortunately, the resonant transmission in this case is reduced to ~35%, which is much smaller than that shown in Fig. 3(b) (~62%) , because the value of γ 2 approaches those of γ 01 and γ 02 . Hence, a much lower maximum transmission is expected for this structure which is not desirable for practical applications.
Numerical simulation of nonlinear transmission
In this paper, the simulations of the nonlinear transmission are completed by employing the nonlinear FDTD technique [22] . In order to simulate the unidirectional transmission behavior of the asymmetrically confined PC defect shown in Fig. 1(a) , the CWs being the fundamental mode of the slab waveguide are launched into the structure from the left and right sides, respectively. Under different input powers, the transmission spectra for the two launch directions are obtained by scanning the frequency of the input wave while recording the corresponding transmission. The results are shown in Fig. 4 where the solid and the empty circles represent the rightward and leftward launches respectively. In each case, the maximum transmission C max has been derived. A detailed comparison of Fig. 4 and Fig. 2 indicates that the simulated results are in good agreement with the theoretical one except the maximum transmission. Since we use input waves without any frequency chirping, the transmission breaks shown in Fig. 4 correspond to the down transition b→c shown in Fig.2 , not the up transition d→a. It can be seen that the maximum transmission drops with the increase of the input power, especially in the rightward launch direction. It supports the existence of the dynamical shift effect, as we have mentioned in Sect. 2. Since the input power is easier to be coupled into the defect via the rightward launch, the corresponding shift of the defect mode is larger. Accordingly, the reduction in the maximum transmission is also larger. This feature becomes more obvious at high input powers. In the case of p in = 15W/μm, we have C max = 4.1 and T R = 52% (~0.85η), as shown in Fig. 4(c) . When p in is further raised to 20W/μm, we observe that C max increase to 5.8 but T R drops to 43% (~0.70η), as shown in Fig. 4(d) . Based on this phenomenon, we can understand why the unidirectional transmission of single PC defects is very limited. Now we turn to the structure consisting of two coupled defects shown in Fig. 1(b) , using the same procedure to simulate its nonlinear transmission behavior. The results are presented in Fig. 5 . At first glance, the transmission spectra for both launch directions exhibit similar evolutions to those observed in the single PC defect shown in Fig. 4 . However, a detailed inspection reveals that the region showing unidirectional transmission looks like a rectangle rather than the triangle found in Fig. 4 . It implies that a significant enhancement in the transmission contrast has been achieved in the coupled PC defects. In Fig. 5 , we find that C max = 20.8, T R = 51% (~0.84η) at p in = 15 W/μm and C max = 30.5, T R = 38% (~0.62η) at p in = 20 W/μm. As compared with the single PC defect, the transmission contrast is enhanced by one order of magnitude while the maximum transmission remains nearly unchanged. It confirms that the linear coupling effects do improve greatly the unidirectional transmission behavior. We have also examined other coupled defect structures with different values of d. In all cases, similar results to the case of d = 6.6a are observed and all show better performance than the single PC defect case. More interestingly, we find that the evolutions of the transmission spectrum are almost the same when d is chosen to be 5.2a, 5.9a, 6.6a, 7.4a and 8.1a.
Being more practical than the CW case, let us examine the unidirectional transmission behavior of the coupled defect structure for a Gaussian pulse of 3 ps. Based on the results in the CW case shown in Fig. 5 , we expect that a nice unidirectional propagation can be realized by choosing: (i) δ = 2.0, i.e., the carrier frequency for the pulse is ω = 0.2852(2πc/a), and p in = 16W/μm, where p in is the input peak power; or (ii) δ = 2.5, i.e., ω = 0.2848(2πc/a), and p in = 21 W/μm. In Fig. 6 , we present the simulated results in time domain for both cases that have been normalized by the input peak power. Here, the transmission contrast C is defined as the ratio of the rightward output peak power to the leftward one. Apparently, very good unidirectional propagations have been realized in both cases. In Fig. 6(a) , we find a lower contrast (~ 14.6) and a higher transmission (~ 40.3%). In Fig. 6(b) , it can be seen that the contrast (~ 21.3) is enhanced at the expense of the transmission (~ 30.5%). 
Conclusion
In summary, we investigate the unidirectional transmission behavior of PC defects with nonlinearity and concentrate on the issue of improving the transmission contrast by using the coupled defect structure. An analytical expression for the transmission based on the nonlinear CMT, which is difficult to derive, is very important for fully understanding the transmission contrast of the coupled defects. However, we reveal that the maximum transmission contrast of the coupled defects depends mainly on the linear coupling effects, such as the highest order of the frequency detuning and the frequency splitting when two coupled defects are involved, although the asymmetric configuration and nonlinearity are the intrinsic physical origins of the unidirectional transmission behavior. Our theoretical analyses are in good agreement with the simulation results based on the finite-difference time-domain technique. A significant enhancement in the transmission contrast by an order of magnitude has been achieved by employing two coupled PC defects.
